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ABSTRACT
Using tracer particles embedded in self-gravitating shearing sheet N-body simula-
tions, we investigate the distance in guiding centre radius that stars or star clusters can
migrate in a few orbital periods. The standard deviations of guiding centre distribu-
tions and maximum migration distances depend on the Toomre or critical wavelength
and the contrast in mass surface density caused by spiral structure. Comparison be-
tween our simulations and estimated guiding radii for a few young super-solar metal-
licity open clusters, including NGC 6583, suggests that the contrast in mass surface
density in the solar neighbourhood has standard deviation (in the surface density dis-
tribution) divided by mean of about 1/4 and larger than measured using COBE data
by Drimmel and Spergel. Our estimate is consistent with a standard deviation of ∼0.07
dex in the metallicities measured from high-quality spectroscopic data for 38 young
open clusters (<1 Gyr) with mean galactocentric radius 7-9 kpc.
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1 INTRODUCTION
In most cases, the stellar surface abundances reflect the com-
position of the interstellar medium at the time of their birth;
so stars can be viewed as fossil records of galaxy evolution.
Open clusters abundances probe the chemical evolution of
the Galactic thin disc (e.g., Janes 1979; Friel 1995; De Silva
et al. 2006; Friel 2010; Pancino et al. 2010; Yong et al. 2012;
Magrini et al. 2015; Jacobson et al. 2016; Netopil et al. 2016;
Anders et al. 2017; Cantat-Gaudin et al. 2016; Magrini et al.
2017; Casamiquela et al. 2017a,b). From cluster ages, their
abundances and galactocentric radii, the galactocentric ra-
dial metallicity gradient, the metallicity scatter and the time
evolution of these quantities (e.g., Loebman et al. 2016; Ja-
cobson et al. 2016; Netopil et al. 2016; Anders et al. 2017)
can be compared to chemical evolution models (e.g., Chiap-
pini et al. 2001; Minchev et al. 2013, 2014) so as to improve
understanding of how the Galaxy assembled and evolved.
Nearby and young early B stars in the solar neighbor-
hood are chemically homogeneous, suggesting that the local
interstellar medium, from which stars form, is quite homo-
geneous chemically (Przybilla et al. 2008; Nieva & Pryzbilla
2012). From the B star homogeneity we infer that mixing
in the interstellar medium is efficient and thorough (e.g.,
Feng & Krumholz 2014). The nearby B stars have iron abun-
dance [Fe/H] = 0.02 ± 0.04, equivalent to, within the esti-
mated uncertainties, the iron abundance of the Sun (using
values from Table 9 by Nieva & Pryzbilla 2012 and the So-
lar iron abundance by Asplund et al. 2009). Slow variations
in stellar or gas iron abundance, [Fe/H], are often described
solely with a radial metallicity gradient where the gradi-
ent depends on the derivative with respect to galactocentric
radius. Migration of stars or clusters from their birth ra-
dius (Wielen 1977; Wielen et al. 1996; Sellwood & Binney
2002; Jilkova et al. 2012) broadens local age and metallic-
ity distributions (Roskar et al. 2008; Scho¨nrich & Binney
2009; Stanghellini & Haywood 2010; Loebman et al. 2011;
Brunetti et al. 2011; Roskar et al. 2012; Minchev et al. 2013;
Haywood 2013; Minchev et al. 2014; Loebman et al. 2016).
We use the term radial migration to refer to a dynamical
process that slowly varies the mean orbital galactocentric
radius of a star or cluster that is part of the rotating disc
in a disc galaxy. Both stars and star clusters can radially
migrate (e.g., Jilkova et al. 2012). The expected chemical
enrichment in the last 4 Gyrs is around or below 0.1 dex for
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alpha-elements, and around 0.15–0.2 for iron peak elements
(Chiappini et al. 2003; Asplund et al. 2009). The presence of
super metal rich stars (with [Fe/H] > 0.25) within the solar
neighbourhood (Soubiran 1999) cannot be explained from a
baseline chemical evolution model, without requiring radial
migration (Chiappini 2009; Casagrande et al. 2011; Minchev
et al. 2013).
Open clusters are a setting where observations can be
combined to give both age and metallicity measurements.
A number of open clusters are so metal rich that they have
super-solar metallicities, including NGC 6253 (Carretta et
al. 2007; Maderak et al. 2015; Netopil et al. 2016), NGC 6791
(Carretta et al. 2007; Peterson & Green 1998; Casamiquela
et al. 2017a), NGC 6583 (Magrini et al. 2010) and NGC
6067 (Alonso-Santiago et al. 2017). Older metal rich open
clusters such as NGC 6253 (age 3.3 Gyr, Maderak et al.
2015) or NGC 6791 (age 8 Gyr, Anthony-Twarog et al. 2010)
could have been born from initially more metal rich gas lo-
cated close to the Galactic bulge, and then migrated outward
(e.g., Jilkova et al. 2012). Alternatively parent molecular
clouds could have been locally enriched by nearby super-
novae prior to cluster formation (see discussions by Maderak
et al. 2015; Magrini et al. 2015). The two scenarios might
be told apart from patterns in α process and iron peak ele-
ment abundances. The recent study by Magrini et al. (2017)
finds agreement between age, radius and abundance distri-
butions of open clusters and the predictions of chemical evo-
lution models that are based on N-body numerical simula-
tions of a Milky Way-like galaxy that exhibit radial migra-
tion (Minchev et al. 2013, 2014).
Young super-solar metallicity open clusters cannot be
too far from their birth galactocentric radii as the process of
radial migration has less time to operate. Using the values
recently tabulated by Bland-Hawthorn & Gerhard (2016),
the rotation period at the galactocentric radius of the Sun
(R ≈ 8.2 kpc) is approximately 210 Myr (using angular
rotation rate Ω0 = 30km s
−1kpc−1). An open cluster that is
1 Gyr old, such as NGC 6583 (Carraro et al. 2005), would
rotate about the Galaxy only approximately 5 rotation pe-
riods during its lifetime (using the rotation period near the
Sun). The Hyades and Praesepe (NGC 2632) clusters with
age approximately 700 Myr (Cummings et al. 2017) have
iron abundance [Fe/H] ≈ 0.15 (Cummings et al. 2017) and
ages corresponding to three rotation periods. If these clus-
ters were born at smaller galactocentric radii, the difference
between their estimated birth radius and current mean or-
bital radius must constrain the extent of radial migration
possible in a few rotation periods (e.g., see discussion by
Bland-Hawthorn et al. 2010).
We focus here on whether and how star or star-cluster
radial migration could occur in a Gyr. If a transient spiral
pattern grows and decays on a timescale comparable to one
half the oscillation period within a horseshoe orbit of the
corotation region of a spiral wave, a star or star cluster can
be moved from one side to the other side of the corotation
resonance. The star or star cluster is left on the other side of
resonance if the spiral pattern vanishes before pulling it back
(Sellwood & Binney 2002). This mechanism is often called
radial migration and when caused by stochastic growth and
disappearance of transient spiral waves it is sometimes called
‘churning’ (Sellwood & Binney 2002; Roskar et al. 2008;
Scho¨nrich & Binney 2009). Additional mechanisms may in-
duce radial migration, such as resonant coupling with bar
and spiral arms (Minchev & Famaey 2010; Brunetti et al.
2011) and interference between spiral patterns (Quillen et
al. 2011; Comparetta & Quillen 2012).
The radial maximal migration rate is expected to de-
pend on the surface density and amplitude of spiral struc-
ture (Sellwood & Binney 2002; Scho¨nrich & Binney 2009;
Daniel & Wyse 2015). The 3D stellar structure of the Milky
Way based on COBE/DIRBE data (Drimmel & Spergel
2001) found an on-off surface density contrast in the stel-
lar component of the strongest spiral arm (namely the
Crux-Scutum arm at a galactic longitude of about 310◦)
(Σmax−Σmin)/Σmin ∼ 0.32 and this is below that expected
for spiral galaxies similar to the Milky way (of order 1, e.g.,
Ma 2002). The Glimpse survey observations confirmed the
COBE/DIRBE spiral tangent arm detections (Benjamin et
al. 2005) but have not yet updated an estimate for the stel-
lar spiral arm surface density contrast. We can consider the
amplitude in surface density of spiral structure between R
and the bar end at about 4 kpc as poorly constrained. We
ask here: Is the roughly measured amplitude in spiral struc-
ture in the Galaxy large enough to achieve migration rates
necessary to account for young super-solar metallicity open
clusters? The answer to this question would help us differ-
entiate between local enrichment and migration processes,
and connect the age, metallicity and orbit distributions of
open clusters to migration models.
A number of studies have measured radial migration
rates from numerical simulations (e.g., Minchev et al. 2011;
Brunetti et al. 2011; Loebman et al. 2011; Roskar et al. 2012;
Comparetta & Quillen 2012; Grand et al. 2012; Minchev et
al. 2012, 2013, 2014; Loebman et al. 2016; Martinez-Medina
et al. 2017). A difficulty of using N-body simulations of an
entire galaxy is that underlying parameters such as spiral
amplitude are difficult to adjust. Instead of an N-body sim-
ulation that simulates an entire disc, we focus on a small
patch of the disc using the shearing sheet approximation
(Julian & Toomre 1966; Toomre & Kalnajs 1991; Rein &
Tremaine 2012); (see Figure 1 and our appendix). The shear-
ing sheet is a model dynamical system that can be used to
study the dynamics of astrophysical discs. A self-gravitating
shearing sheet exhibits spiral instability (Julian & Toomre
1966; Toomre 1981; Toomre & Kalnajs 1991). The advan-
tage of focusing on a small patch is that the simulation is
independent of galactic radius and depends on only a few
parameters. We aim to adjust the amplitude of spiral struc-
ture to probe how far stars or star clusters can migrate in
few rotation periods.
In section 2 we describe our N-body shearing simu-
lations. With these simulations in section 3 we measure
changes in the distributions of guiding centre positions and
how they depend upon time and the strength of spiral struc-
ture in the simulated shearing patch. In section 4 we identify
a few metal rich young open clusters. A simple model de-
rived from our simulations is then applied to interpret these
open clusters in terms of constraints on the spiral structure
that may have mediated their radial migration.
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3Figure 1. An illustration of a patch of a rotating disc (on left)
and how the shearing box (on right) approximates it. Arrows are
shown with respect to motion in the centre of the disc patch (on
left). In this rotating frame a circular orbit would remain fixed at
the black dot. An orbit with zero epicyclic amplitude and located
at the centre of the shearing box (on right) would also remain
fixed. The orientation of our coordinate system is shown on the
right.
2 SHEARING SHEET N-BODY SIMULATIONS
In this section we describe our shearing sheet simulations,
dimensions used to characterise them (section 2.1), how they
are set up (section 2.2) and how initial particle positions and
velocities are generated (section 2.3).
The shearing sheet (Toomre & Kalnajs 1991) approx-
imates a local patch of a rotating disc (see Figure 1). Our
N-body simulations of a disc patch use the N-body code re-
bound (Rein & Liu 2012) that contains an integrator and
shear boundary conditions specifically written to simulate
a self-gravitating disc patch using the shearing sheet ap-
proximation (Rein & Tremaine 2012). From rebound we use
the Symplectic Epicycle Integrator (SEI) integrator (Rein
& Tremaine 2012) and the associated shear boundary con-
ditions. The shear boundary conditions are periodic in two
directions, x, y but open in the third direction z. This dif-
fers from the simulations by Toomre & Kalnajs (1991) that
were restricted to two dimensions. A square x, y area is sim-
ulated that we call the shearing box (see Figure 1). Velocity
shear (corresponding to differential rotation) is a function of
x, so variations in x correspond to variations in galactic ra-
dius. Variations in y correspond to variations in azimuthal
angle θ in the midplane. Galactic rotation corresponds to
particles moving in the y direction. The z direction is per-
pendicular to the disc and shearing box. Velocity shear itself
depend on the parameters Ω and κ which are independent
of position within the shearing box. Our notation for these
two frequencies follows Binney & Tremaine (1987); Rein &
Tremaine (2012) and Ω represents the angular rotation rate
in the disc, and κ the epicyclic frequency. The parameters
Ω and κ are independent of position in the shearing box
but shear is present in the box and the shearing sheet it-
self approximates a disc that exhibits radial gradients in
both of these frequencies. The gradient of velocity (the ve-
locity shear corresponding to differential rotation) depends
on both parameters, as given in equation A3.
Long-range gravitational forces from each particle are
computed using the oct-tree approximation based on the al-
gorithm by Barnes & Hut (1986). Ghost-boxes are used to
include forces from particles that are nearby taking into ac-
count the shearing periodic boundary condition (see section
4.2 by Rein & Liu 2012). Particle collisions are ignored.
The equations of motion in x, y for the shearing sheet
are given in the appendix (see equations A2). Orbits in the
plane are described by a guiding centre xg, yg, epicyclic am-
plitude C and epicyclic angle φ. Variations in xg correspond
to variations in guiding radius or angular momentum in a full
disc. An induced variation in xg can be called radial migra-
tion. Heating or increasing the in-plane components of the
velocity dispersion corresponds to increasing the epicyclic
amplitudes (e.g., Jenkins & Binney 1990). Transient spiral
structure is expected to cause both heating and migration.
However, an individual star that migrates a large distance
may not be excited to large epicyclic amplitude and the op-
posite is also true.
The SEI integrator was written specifically for appli-
cation in celestial mechanics and so has angular rotation
rate equal to the epicyclic frequency; Ω = κ. We have mod-
ified the rebound routines boundaries_shear.c and inte-
grator_sei.c so that the epicyclic frequency can take values
κ 6= Ω allowing us to simulate the shearing sheet correspond-
ing to differential rotation in a galactic disc. Our code mod-
ifications from those described by Rein & Tremaine (2012)
are described in section A1.
The equations of motion in z are set by an additional
parameter, the vertical epicyclic frequency Ωz (see section
A2, section 3.3 by Rein & Liu 2012 and equation 13 and
discussion near this equation by Rein & Tremaine 2012).
However, the actual vertical epicyclic frequency is somewhat
faster than Ωz due to the self-gravity of the disc. The value
we list in Table 1 for Ωz is the parameter set in the code.
2.1 Dimensions
The natural unit of time for the shearing sheet is Ω−1, or the
associated orbital period P ≡ 2pi/Ω. With a self-gravitating
disc of mean mass surface density Σ, a natural unit of dis-
tance is the Toomre wavelength, often called the critical
wavelength,
λcrit ≡ 4pi
2GΣ
κ2
= 1kpc
(
Σ
10Mpc−2
)(
2
κ2/Ω2
)(
Ω
30 km s−1kpc−1
)−2
,
(1)
where G is the gravitational constant. This wavelength is
independent of the particle velocity dispersion. Where there
are variations in the surface density Σ we use the mean
of the surface mass density distribution, µΣ, to compute
λcrit. For comparison, the estimated total stellar (includ-
ing brown dwarfs, white dwarfs and other remnants) surface
density in the solar neighbourhood is Σ∗ ≈ 33Mpc−2 and
in gas Σg ≈ 14Mpc−2 with ≈ 7Mpc−2 in cold molecu-
lar and atomic hydrogen near the midplane (McKee et al.
2015). The Galactic disc baryonic components total just un-
der 50Mpc−2, similar to previous estimates for the local
disc surface density (Flynn et al. 2006).
Swing amplification is strongest at about the Toomre
wavelength so a self-gravitating disc most quickly grows spi-
ral structure of this wavelength (Toomre 1981; Athanassoula
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1984; Toomre & Kalnajs 1991; Fuchs 2001). We set the box
size of the shearing sheet simulation to exceed the Toomre
wavelength (as did Toomre & Kalnajs 1991) so that the sim-
ulations can resolve this wavelength.
The Toomre Q-parameter (Safronov 1960; Toomre
1964) for a stellar disc depends on the stellar velocity dis-
persion with σvR the standard deviation of its radial com-
ponent,
Q ≡ σvRκ
3.36GΣ
= 1.1
( σvR
20 km s−1
)(κ/Ω√
2
)
×(
Ω
30 km s−1kpc−1
)(
Σ
50Mpc−2
)−1
. (2)
The amplitude or strength of spiral structure is primarily
set by the Toomre Q-parameter (Fujii et al. 2011). For the
shearing sheet simulations we use only the massive particles
to compute the standard deviation of the x velocity compo-
nent σvx, and replace σvR with σvx to compute the Toomre
Q-parameter.
2.2 Simulation set up and drag force
We use massive particles to generate self-gravitating spiral
structure. A thousand massless particles embedded within
the simulation are used as tracers to track variations in
guiding centre position xg. Spiral structure induced drifts
in tracer particle xg values are interpreted as radial migra-
tion. Tracer particles are point masses and so can represent
stars or compact star clusters. In section 4 we use the re-
sults of our shearing sheet simulations to discuss migration
of open clusters, assuming that they do not strongly per-
turb the background Galactic spiral structure and neglecting
processes of cluster evaporation and dissolution. We assume
that the size of the shearing box significantly exceeds the
size of a star cluster.
A disc initially set with Toomre Q  2 will not show
spiral structure, whereas one initially set with Q . 1 will be
unstable, allowing spiral structure to grow. As a simulation
runs, the spiral structure itself heats the disc and increases
the Toomre Q-parameter. Growth and decay of transient
spiral structure induces variations in the epicyclic amplitude
of stars (Carlberg & Sellwood 1985; Jenkins & Binney 1990)
and this can happen over a range of radius as stars need not
be near a Lindblad resonance. The heating rate is faster
at low Toomre Q-parameter values (Fujii et al. 2011). To
allow us to run simulations that show high amplitude spiral
structure but only slowly vary in Toomre Q-parameter, we
added a small fictitious drag force to the massive particles
as an additional force to rebound so as to cool the disc. Our
drag force is identical to that used by Toomre & Kalnajs
(1991) (see the top of their page 350), is a straightforward
velocity dependent acceleration in the x direction
ax = −αΩvx, (3)
and is described by a single unitless parameter α which sets
the timescale for damping the epicyclic amplitude. We ap-
plied the drag force to massive particles only and only in
the x direction so we did not need to take into account the
velocity shear to compute a damping force and so that ver-
tical motions are unaffected. At larger values of Toomre Q-
parameter and with weaker spiral structure, the heating rate
is reduced and so damping was not necessary to maintain a
slowly varying Toomre Q-parameter. Our damping serves as
a source of dissipation, replacing hydrodynamic dissipation
that would be modeled in more realistic simulations that in-
clude a gaseous as well as a stellar disc component. Toomre
& Kalnajs (1991) verified that a steady state in the velocity
distribution could be reached after many orbits of integra-
tion.1 Our goal is to look at the extent of migration over
only a few orbital periods so it is not necessary to maintain
exact stability in the character of spiral structure over many
orbital periods. However the heating and migration rate are
affected by slow variations in the spiral structure and these
are present in the simulations. We will discuss this sensitiv-
ity later when we study variations in the distributions.
We first choose a number of massive particles to simu-
late and a mean disc surface density, Σ. The shearing box
size is chosen to exceed the Toomre wavelength. The mas-
sive particle masses are identical and set using the box size
and mean disc surface density.
Common parameters for our simulations are listed in
Table 1 and those for individual simulations in Table 2. The
rotation curve near the solar neighborhood is nearly flat (see
section 6.4 and Figure 16 by Bland-Hawthorn & Gerhard
2016) corresponding to κ/Ω ≈ √2. The value chosen for
this ratio (and listed in Table 1) is approximately consistent
with the differential rotation of a flat rotation curve.
While it is natural to work with time in orbital periods
P = 2pi/Ω and length in units of the Toomre wavelength, it
is helpful for interpretation to relate these to actual physi-
cal units. The angular rotation rate near the Sun is about
Ω ∼ 30 km s−1 kpc−1 corresponding to an orbital period of
about 200 Myr (using values by Bland-Hawthorn & Gerhard
2016). Through-out this manuscript we give lengths in units
of Toomre wavelength and in pc for a Toomre wavelength
of λcrit,0 = 1007 pc computed for a mass surface density
of Σ0 = 10Mpc−2. Equation 1 can be used to estimate
distances for another value of mean surface density by mul-
tiplying the Toomre wavelength by the desired Σ divided
by the value Σ0 = 10Mpc−2. When working in pc, Myr
and solar masses, velocities are in pc/Myr ∼ km/s and the
gravitational constant G = 0.0045M−1 pc
3Myr−2.
2.3 Initial conditions for particles
For the massive particles, initial guiding centre coordinates
xg, yg are chosen randomly using uniform probability distri-
butions covering the area of the shearing box. The in-plane
and vertical epicyclic angles are randomly chosen from uni-
form probability distributions in [0, 2pi]. The in-plane and
vertical epicyclic amplitudes are randomly chosen from uni-
form probability distributions ranging from zero to maxi-
mum values. Initial particle positions and velocities are com-
puted from the epicyclic amplitudes and angles and guiding
centre coordinates using equations A2 and A11. The result-
ing massive particle distribution is uniformly distributed in
x, y in the shearing box. So there is no gradient in the mean
1 At large values of α and with small softening lengths, clumps
can form in the disk (Agris Kalnajs, private communication).
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5mass surface density Σ in the shearing sheet. The maxi-
mum value for the vertical epicyclic amplitude sets the disc
thickness, whereas the maximum in-plane epicyclic ampli-
tude sets the initial Toomre Q-parameter. The number of
massive particles and smoothing or gravitational softening
length were chosen to be large enough that the simulations
are not highly sensitive to either value. We will illustrate how
variations in these quantities affect our results in section 3.4.
The 2 dimensional shearing sheet simulations by Toomre &
Kalnajs (1991) used a larger smoothing length than ours
(∼ 0.2λcrit) perhaps in part to mimic the behavior of disk
thickness.
Massless tracer particles are used to measure variations
in guiding radius xg corresponding to migration. After two
rotation periods, the growth rate of spiral structure in the
massive particles is reduced. The tracer particles are only
added to the simulation after two orbital periods, after which
time the amplitude of spiral structure varies less quickly.
Tracer particles are added after spiral structure is grown so
as to mimic the birth of stars and clusters into a galaxy in
which spiral structure is present. After the 1000 tracer par-
ticles are added, the simulation is integrated for 5 additional
orbital periods. Our figures show time in units of orbital pe-
riods from the time when the tracer particles are added to
the simulation.
Tracer particles are begun in the plane z = 0 and at
x = 0 but with y values chosen from a uniform distribution
covering the width of the shearing box. The initial distribu-
tion can be seen in the leftmost panel in Figure 2. The veloc-
ity is set to zero so the particle initially has guiding radius
xg = 0, epicyclic amplitude C = 0 and zero vertical epicyclic
amplitude. In the absence of spiral perturbations the tracer
particles would remain fixed (see equations A2 andA3). As
the tracer particles are massless, their initial linear distribu-
tion does not disturb the development and evolution of spiral
structure. Because tracer particles are begun with xg = 0,
the absolute value of the guiding position |xg(t)| is an esti-
mate for the distance migrated. As our tracer particles are
point masses, the sizes of the clusters that they represent
are neglected. The migration distances we consider are sim-
ilar to or greater than hundreds of pc and so we neglect the
much smaller initial cluster size (about 1 pc).
Table 1. Common simulation parameters
Number of massive particles 50000
Number of massless tracer particles 1000
Time when tracers are added to simulation 2 orbital periods
Integration time after tracers are added 5 orbital periods
Time step 0.002 orbital periods
κ/Ω 1.4
Ωz/Ω 1.8
Smoothing length 0.0496 λcrit = 50 pc
Shearing box length 3.97λcrit = 4.0 kpc
Massive particle mass 3200M
σz 0.15λcrit = 150 pc
Notes. In the above Table, dimensions in pc and M are given
for a disc with Σ0 = 10 Mpc−2 and Toomre wavelength
λcrit,0 = 1007 pc. Here σz is the standard deviation of z
for the massive particles. The circular velocity around one
particle at a smoothing length is 0.5 km/s, computed with
G = 0.0045M−1 pc
3Myr−2.
Table 2. List of simulations
Simulation Q α σΣ/µΣ differences
X1 2.4 0.005 0.20
X2 2.0 0.005 0.22
X3 1.6 0.005 0.26
X4 1.4 0.02 0.34
X5 1.2 0.05 0.46
X3S 1.6 0.005 0.26 smaller smoothing length
X3N 1.6 0.005 0.32 fewer particles
X3ha 1.6 0.005 0.24 thicker disc
X3hb 1.7 0.005 0.30 thinner disc
Notes. The X3S, X3N, X3ha, X3hb simulations are similar to
the X3 simulation except as described in the rightmost column.
X3S has half X3’s smoothing length, X3N has half X3’s number
of particles, X3ha has twice X3’s disc thickness and X3hb has
half X3’s thickness. The Toomre Q-parameter is measured at 2.5
orbital periods after tracer particles are added to the simulation.
The ratio of the standard deviation to mean of the surface
density distribution σΣ/µΣ is computed at the same time and is
a measure of surface density contrast. The drag force for massive
particles is set by α.
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Figure 2. Surface mass density of massive particles shown as an image with the positions of 1000 massless tracer particles, shown as
green dots, at 5 different times in the X2 simulation. The times for each snapshot are 0, 0.5, 1.0, 2.5 and 5.0 orbits (from left to right)
after the tracer particles are injected into the simulation. The colour range displayed is 0 to 2.5 times the mean mass surface density.
All panels have the same colour display range. The x and y axes are in units of the Toomre wavelength and the entire shearing box is
shown. The simulation parameters are listed in Tables 1 and 2.
Figure 3. For five different simulations we show the mass surface density at t = 2.5 orbits after tracer particles are injected into the
simulation. The colour range displayed is 0 to 2.5 times the mean density. All panels have the same colour display range. The x and y
axes are in units of the Toomre wavelength and the entire shearing box is shown. The Toomre Q-parameters for these simulations are
measured at 2.5 orbital periods after tracer particles are added to the simulation. From left to right we show high Toomre Q to low
Toomre Q-parameter simulations in the X series (X1–X5). The simulation parameters are listed in Tables 1 and 2.
Figure 4. 2D Fast Fourier transforms of each of the mass surface densities shown in Figure 3 (at 2.5 orbital periods) were computed
from massive particles after subtracting the mean mass surface density. The images show Fourier amplitudes and all panels have the same
colour display range. The colour bar scale is set so that a sine wave with amplitude equal to the mean density gives power of amplitude 1.
The centre of the image contains low frequency power. The maximum spatial frequencies (on the boundaries of each image) are 4.91λ−1crit
(or 0.0049 pc−1) corresponding to wavelengths of 0.2λ−1crit (208 pc for λcrit,0 = 1007 pc). The angle of the power distribution seen
in these 2D spectrograms depends on the angle of the spiral features. The lower Toomre Q-parameter simulations (on the right) have
more power than the higher Toomre Q-parameter simulations. The lowest Toomre Q-parameter simulations have broad spatial frequency
distributions containing power on short and long spatial wavelengths.
3 MIGRATION ON THE SHEARING SHEET
After listing our simulations, we discuss in section 3.1 the
morphology of spiral structure. In section 3.2 we show guid-
ing centre distributions as a function of time, illustrating
spiral structure induced radial migration. As tracer parti-
cles migrate away from their birth positions, their guiding
centre distributions widen. In section 3.3 the standard de-
viations of these distributions are shown. In section 3.4 we
discuss numerical checks on the code. In sections 3.5 and
3.6 we fit functions to the standard deviations of the guid-
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7ing centre distributions. Maximal migration distances as a
function of time are discussed in section 3.7.
We ran a series of simulations with shearing box size
approximately 4 times the Toomre wavelength. Five simula-
tions X1–X5 are run with identical parameters except with
differing initial in-plane velocity dispersions for the massive
particles and different levels of damping, α (see Tables 1,
2). The values of damping parameter α imply that damping
for massive particles is slow, even for the low Q simulations.
Particle positions and velocities are output every 0.5 orbital
periods.
The Toomre Q-parameters are measured 2.5 orbits af-
ter the tracer particles are added to the simulation and these
too are listed in Table 2. Four additional simulations were
run. The X3S simulation is identical to the X3 simulation
except the smoothing length is half the size of that listed in
Table 1. The X3N simulation is identical to the X3 simu-
lation except it has only 25000 massive particles instead of
50000. The X3ha and X3hb simulations are identical to the
X3 simulation except X3ha has a vertical standard devia-
tion, σz, twice that of X3 and X3hb has a vertical standard
deviation half that of X3. The vertical standard deviations
are computed from the z distributions of massive particles.
3.1 Simulation snapshots
The surface mass density of massive particles along with
the positions of the 1000 massless tracer particles are shown
in Figure 2 at 5 different times in the X2 simulation. The
times for each snapshot are 0, 0.5, 1.0, 2.5 and 5.0 orbits
after the massless tracer particles are injected into the sim-
ulation. The leftmost panel shows that spiral structure has
grown prior to the insertion of our massless tracer particles.
The tracer particles are inserted at x = 0 where there is
no drift in guiding centre position. Without spiral structure
each point in the vertical green line in the leftmost panel of
Figure 2 would remain fixed. The velocity shear is such that
the right hand side of the box moves downward and the left
hand side of the box moves upward.
One half an orbit later (second panel from left in Fig-
ure 2) the green line has become wavy as the tracer particles
have been perturbed by nearby spiral structure. Perturba-
tions excite epicyclic motions as well as move guiding cen-
tres so the width of the x distribution is only approximately
equivalent to the width of the distribution of x component
of the guiding centre distribution. By the end of the simula-
tion (rightmost panel) the tracer particles have become dis-
persed. We do track boundary crossings for the tracer parti-
cles in case migration is extensive. However, with our shear-
ing box length exceeding the Toomre wavelength and within
5 orbital periods, we saw no shear box boundary crossings
in the x direction. Tracer particles did not cross from the
right hand side to the left or vice versa. Tracer particles do
cross from the top to the bottom boundary (and vice versa)
due to the velocity shear.
A comparison between the leftmost three panels in Fig-
ure 2 show that the spiral structure has some coherence over
an orbit. However spiral arms vary (as a function of time) in
position and amplitude or strength. A difference between a
shearing sheet simulation and an N-body simulation of a full
disc is that in the shearing sheet there cannot be coupling of
patterns from one radius to another. All spiral features are
nearly corotating with the background velocity shear (this
is also discussed by Toomre & Kalnajs 1991). We have ver-
ified this by plotting density slices from the shearing box
versus time. Using particles in the centre of the image (at
x = 0) we construct a density histogram giving densities as
a function of y and t. There is little structure in this density
histogram image as expected for patterns moving at corota-
tion with the velocity shear in the box. Likewise, at x < 0
or x > 0 in a y vs t density histogram image we do see
streaks due to the velocity shear. Bumps in the density field
from spiral arms move approximately with the background
shear velocity field, as would be expected from corotating
patterns.
A comparison between the leftmost and rightmost panel
in Figure 2 shows that the spiral structure is not uniform
across the five orbits. The Toomre Q-parameter does change
across the simulation (ranging from 1.3 to 1.6), and the spi-
ral structure has higher density peaks and larger wavelength
at later times. Our procedure for damping particles has not
completely stabilized the disc. We attribute the slow evolu-
tion to the slower growth of wavelengths that differ from the
peak wavelength favored by swing amplification. We keep in
mind that slow variations in spiral structure in the simu-
lations make it more difficult to predict properties of the
distributions of the x-component of the guiding centre for
the tracer particles as a function of time.
In Figure 3 we show the surface density distribution
for X1–X5 simulations in order of decreasing Toomre Q-
parameter (from left to right) but at t = 2.5 periods after
the tracer particles are inserted into the simulation. These
snapshots illustrate that spiral structure is higher amplitude
for the low Toomre Q-parameter simulations. The variation
in density contrast between simulations is larger than the
slow drifts during each individual simulation. Even though
there are slow drifts in Toomre Q-parameter and spiral mor-
phology across each simulation, there should be large differ-
ences in the migration rates of the tracer particles as the
simulations span a large range in spiral amplitude.
We compute two-dimensional Fourier transforms of the
images shown in Figure 3 and show the Fourier amplitudes
in Figure 4. Our figure 4 resembles the similarly computed
Figures 3 and 4 by Toomre & Kalnajs (1991) for their shear-
ing sheet simulations. These were interpreted as showing
particle-particle spatial correlations due to spiral wakes (Ju-
lian & Toomre 1966) and are caused by amplification of
small over-densities by self-gravity (Julian & Toomre 1966;
Toomre 1981). There is more power in the lower Toomre Q-
parameter simulations than the high Toomre Q-parameter
simulations. The lowest Toomre Q-parameter simulation
(rightmost panel) has a much broader spatial frequency dis-
tribution containing power on short and long spatial wave-
lengths. Hence the spiral structure is not restricted to a sin-
gle wavelength and a single amplitude associated with it.
If we used a low order Fourier decomposition to model the
spiral structure we would likely underestimate heating (in
epicyclic amplitude) and migration rates.
3.2 Distributions of guiding centres
To characterize migration we measure the distribution of the
x component of the guiding centre, xg, for massless tracer
particles as a function of time. The x component of the guid-
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ing centre is computed using equations A4 from tracer par-
ticle positions and velocities. As tracer particles initially all
have xg = 0, the distributions at later times are sensitive
to the extent of migration. Spiral structures could cause the
guiding centre xg of a particle to oscillate about a mean
value (e.g., see Figure 4 by Comparetta & Quillen 2012).
We consider migration to be a drift in the xg
mean value, ignoring short period oscillations about this
mean, however both short timescale oscillations and longer
timescale drifts would affect the guiding centre distribu-
tions. We assume that the distributions are dominated by
the slow drifts and so illustrate migration, though the short
timescale oscillations could affect the distributions at early
times. Our initial tracer particle distribution is a delta func-
tion at xg = 0. A wider initial distribution can be considered
a sum of narrow spikes each with a different initial xg. The
distribution in xg at a later time for a wider initial distri-
bution can be estimated by convolving the distribution we
find at the same later time (derived from our initially narrow
distribution) with the function describing the initial wider
xg distribution.
Guiding centre distributions are shown for the X3 sim-
ulation at 0.5, 2.5 and 5 orbital periods after tracer particle
insertion in Figure 5. The distributions are normalized so
they integrate to 1. Individual spikes at early times are likely
caused by individual spiral features, with the distributions
becoming smoother at later times. These were also noted by
Toomre & Kalnajs (1991) who described them as guiding
centre ‘bunchings.’ Below we measure the standard devia-
tions of these guiding centre distributions but will refer to
this figure later to discuss the tails of the distribution. The
tails are relevant for estimating how far a particle can get
from its birth guiding centre radius.
Figure 5 shows that guiding centre distributions
broaden in only five rotation periods. The original spiral
heating (Carlberg & Sellwood 1985; Jenkins & Binney 1990)
and migration models (Sellwood & Binney 2002) were medi-
ated by growth and disappearance of individual spiral pat-
terns. If the growth and disappearance of a spiral pattern
requires a few orbital periods then within five rotation pe-
riods there is only time for one or two patterns to appear
and disappear. The guiding centre distributions are smooth
enough at later times that they could be consistent with a
diffusive model, valid in the limit where perturbations to
the x-component of the guiding centres occur randomly and
many times, not just once or twice. The diffusive behavior
can be reconciled with the short timescale if individual spi-
ral features are uncorrelated or if patterns interfere with one
another (as proposed by Comparetta & Quillen 2012). A re-
examination of the simulations by Toomre & Kalnajs (1991)
suggest that each swing amplified structure, seen by growth
and variation in Fourier amplitude, also moves the guiding
centers of groups of particles2. Stochastic variation in guid-
ing centers may be a local process associated with swing
amplification of weak density variations that are present in
our simulations because of numerical noise associated with
the finite particle number, but also present in the Galaxy
from molecular clouds and star clusters.
2 Agris Kalnajs, private communication
Figure 5. Distribution of the x component of the tracer parti-
cle guiding centres, xg , at three times in the X3 simulation. All
tracer particles had initial xg = 0, as shown in Figure 3. The
thin red line is at t = 0.5 orbital periods, the mid-weight or-
ange line at 2.5 orbital periods and the thick brown line at 5
orbital periods. The x axis is shown in units of pc for a mean
surface density Σ0 = 10Mpc−2 (bottom axis) and in units of
Toomre wavelength λcrit (top axis). The distributions are normal-
ized so that they integrate to 1. The width of the distributions
increases in time. At later times the distributions are smooth
enough that a diffusive approximation might be valid, despite the
short timescale.
3.3 Broadening of the guiding centre distributions
We measure the standard deviation σxg of the x component
of the guiding centre, xg, for the tracer particles as a function
of time and these are plotted for the X1–X5 simulations in
Figure 6. The standard deviations characterize the width of
the distributions shown in Figure 5. Even for the strongest
spiral structure (the X15simulation), within 5 orbital periods
the standard deviation in xg remains less than half a Toomre
wavelength.
Figure 6 shows that the distributions of the x compo-
nents of the guiding centres rapidly spread within the first
orbital period. The rapid growth is likely because our tracer
particles were begun in circular orbits and inserted abruptly
into a simulation with spiral structure. We experimented
with starting our tracer particles with velocities near those
of massive particles (moving with the spiral structure) or
starting them at the beginning of the simulation with the
massive particles but saw similar standard deviations early
in the simulation. The X3 simulation reaches a maximum of
σxg/λcrit ≈ 0.26 and this can be compared to the maximum
reached by a single tracer particle (out of 1000) of ∼ 0.7 as
shown in Figure 5.
Figure 6 shows that the width of the guiding centre
distributions depends on the Toomre Q-parameter even at
early times in the simulation. The rate that the standard de-
viation of the distribution σxg increases is large at the begin-
ning then decreases past one orbital period. The rates that
σxg increases past t = 1 period are shallower for the higher
Toomre Q-parameter simulations. We discuss possible ex-
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9Figure 6. We show the standard deviation σxg of the x com-
ponent of the tracer particle guiding radii as a function of time
for X1–X5 simulations also shown in Figure 3. Higher Toomre
Q-parameter simulations have less and slower radial migration.
The simulations are labelled by their Toomre Q-parameter value
mid-simulation (see Table 2). From top to bottom the simula-
tions are X5 (red points), X4 (orange), X3 (green), X2 (blue) and
X1 (black). The y axis is shown in units of pc for a mean sur-
face density Σ0 = 10Mpc−2 (left axis) and in units of Toomre
wavelength λcrit (right axis).
planations for this. As particles increase in epicyclic ampli-
tude, they may be less likely to be migrated by corotating
spiral features (Daniel & Wyse 2015). To explore this pos-
sibility, mean epicyclic amplitudes for the same simulations
as a function of time are shown in Figure 7. The epicyclic
amplitudes are not large enough that multiple spiral features
are crossed by single particles in their orbits. Figure 7 shows
that tracer particles in the lower Toomre Q-parameter simu-
lations have higher epicyclic amplitudes. The lower Toomre
Q-parameter simulations have stronger spiral structure and
so would exhibit increased heating (Carlberg & Sellwood
1985; Jenkins & Binney 1990). If the extent of migration
decreases as the epicyclic amplitudes increases (as the prob-
ability for capture into resonance decreases; see section 2.3
by Daniel & Wyse 2015), the slope in σxg(t) for the low
Toomre Q-parameter simulations would be shallower rather
than higher as seen in Figure 6. The trend is opposite to
that expected if the slope variation is due to a decrease in
migration rate caused by an increase in epicyclic amplitude.3
A second possible explanation for the steeper slopes at
lower Toomre Q-parameter past t = 1 period (seen in Fig-
ure 6) is that the higher Toomre Q-parameter simulations
have slower variations in spiral morphology (amplitudes and
pattern speeds) than the lower Toomre Q-parameter sim-
ulations. If the spiral amplitudes increase more rapidly in
the low Toomre Q-parameter simulations then the migra-
tion rate also would increase throughout the simulation. The
most likely explanation for the differences in slope at later
times in Figure 6 are differences in time dependent spiral
structure morphology.
3 In contrast re-analysis of the the shearing sheet simulations by
Toomre & Kalnajs (1991) shows that the guiding center distribu-
tion standard deviations are insensitive to initial particle epicyclic
amplitude; Agris Kalnajs, private communication.
Figure 7. Mean epicyclic amplitude for tracer particles as a func-
tion of time for the X1–X5 simulations. The simulations are la-
belled by their Toomre Q-parameter value mid-simulation with
points as in Figure 6. The y axis is shown in units of pc for a
mean surface density Σ0 = 10Mpc−2 (left axis) and in units of
Toomre wavelength λcrit (right axis).
3.4 Sensitivity to disc thickness
Before we explore models for the time dependence of the
guiding centre distributions we check the sensitivity of
the simulations to vertical thickness, particle number and
smoothing length. Figure 8 shows standard deviations (of
xg) for 4 simulations that are similar to the X3 simulation
(see Table 2). Compared to the X3 simulation, the X3S sim-
ulation has half the smoothing length, the X3N simulation
has half the number of massive particles, and the X3ha and
X3hb simulations have twice and half as thick discs. Fig-
ure 8 shows that our simulations are not strongly sensitive
to the smoothing length (comparing X3S to X3) or number
of particles (comparing X3N to X3). However the migration
rates are sensitive to the disc thickness, with the thinner disc
(X3hb) having more extensive migration. The sensitivity of
the standard deviations to disc thickness will be discussed
further at the end of section 3.5.
Up to this point we have discussed simulations with
tracers initially placed in the midplane. We ran a simulation
similar to the X3 simulation but with tracer particles begun
with the same vertical dispersion (σz) as the massive parti-
cles. The standard deviations of xg displayed no significant
differences compared to the X3 simulation.
3.5 Guiding centre standard deviations at 1
orbital period
Our simulation snapshots (Figures 2, 3) and Fourier am-
plitudes (Figure 4) show that the simulations are poorly
described by a single spiral wavelength. Measurements of
the peak mass surface density in the sheet as a function of
time wildly fluctuated, possibly because of interference be-
tween spiral features. For a more robust measurement of spi-
ral strength we use the standard deviation of the mass sur-
face density distribution divided by the mean surface density
σΣ/µΣ and refer to this quantity as the surface density con-
trast. It is 0 for a uniform surface density disc and increases
with the strength of spiral structures. The surface density
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Figure 8. We show the standard deviation σxg of the x com-
ponent of the tracer particle guiding radii for the simulations
X3, X3S, X3N, X3ha, and X3hb. The standard deviations are not
strongly sensitive to the smoothing length (comparing X3S to X3)
or number of particles (comparing X3N to X3), but are sensitive
to the disc thickness (comparing X3ha, X3hb to X3). The y axis is
shown in units of pc for a mean surface density Σ0 = 10Mpc−2
(left axis) and in units of Toomre wavelength λcrit (right axis).
contrasts are measured for each simulation at t = 2.5 orbits
and listed in Table 2.
We found that the surface density contrast increases
with decreasing Toomre Q-parameter in the X1–X5 simu-
lations, as expected. Plotting this against the standard de-
viation σxg revealed a trend, similar to that found by Fujii
et al. (2011) for the dependence of heating rate on Toomre
Q-parameter and spiral amplitude. However the trend was
not matched by the thick and thin disc simulations (X3ha,
X3hb) until we also included a correction for disc thickness.
This approach was also explored by Fujii et al. (2011) for
disc heating.
The trend is shown in Figure 9 where we plot standard
deviation σxg/λcrit against a unitless form for the density
contrast in the midplane
δρ ≡ σΣ
µΣ
λcrit
σz
. (4)
In Figure 9 both quantities (δρ and σxg/λcrit) are computed
1 orbit after the tracer particles are inserted into the simula-
tion. As σΣ/µΣ is a measure of the surface density contrast
and σz/λcrit characterizes the thickness of the disc, their
ratio characterizes spiral feature density contrast. Figure 9
shows that the width of the distribution of the x-component
of the guiding centres is related to the midplane density con-
trast due to spiral structure. The dot dashed line in Figure
9 shows the curve
f(δρ) = 0.12
√
δρ (5)
which captures the trend seen with the points. The coeffi-
cient 0.12 was found by trial and error and verifying by eye
that the curve follows the measurements. The dependence of
the distribution on
√
σΣ/µΣ is similar to that expected for a
migration distance dependent on the width of the corotation
resonance or if particles approximately move on equipoten-
tial curves during the first orbital period (e.g., see Figure
6 by Sellwood & Binney 2002 and Daniel & Wyse 2015).
The relationship seen here between migration distance and
Figure 9. The standard deviation σxg/λcrit in guiding radius for
tracer particles versus midplane density contrast δρ (equation 4)
for simulations X1–X5, X3hb, and X3hb, computed at a time of
1 orbit. The green diamonds show the thick and thin disc (X3ha,
X3hb) simulations, whereas the blue circles are simulations X1–
X5. The initial increase in guiding radius scales with density con-
trast. The dashed grey line shows the function in equation 5.
midplane density contrast is similar to that found previously
between heating rate and spiral Fourier amplitude by Fujii
et al. (2011).
The Fourier spectrograms shown in Figure 4 exhibit
spatial power in a range of wavelengths. If the spiral struc-
ture only contained power at wavelengths significantly larger
than the vertical scale height, the in-plane gravitational po-
tential perturbations would be independent of scale height.
However we have found that the dispersion (of σxg at 1 pe-
riod) depends on the vertical scale height or σz/λcrit. We
attribute this dependence to the presence of spatial power
in small scale spiral structure that is comparable in wave-
length to the disc thickness.
In the next section, we will extend the function describ-
ing the standard deviation σxg at t = 1 and given in equation
5 to depend on time to explore how σxg depends on time.
3.6 The time dependence of the guiding centre
distribution widths
In Figure 10 we plot standard deviations of guiding radii as
a function of time for simulations X1–X5, X3hb, and X3hb
compared with power law curves. The curves are described
by the function
g(δρ, t) = 0.12(δρ)
1
2 tβ (6)
where t is in orbital periods and we have extended equation
5 to depend on time. Three grey lines are shown in Figure
10. The topmost grey line shows the function in equation
6 evaluated using δρ computed from the X5 simulation at
1 orbit and a power β = 0.4, and it is near the red points
showing the X5 simulation. The middle grey line uses δρ
computed from the X3 simulation but exponent β = 0.3
and it is near the green points showing the X3 simulation.
The lower grey line has δρ computed from the X1 simulation
but β = 0.2 and it is near the black points showing the X1
simulation. The X3ha, X3hb simulations are consistent with
being near the bottom and top grey lines, as expected from
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their density contrasts. The values of β for the grey lines in
Figure 10 were found by plotting different values of β and
determining by eye if they were near the measurements.
The time dependent behavior seen in the width of the
guiding centre distribution σxg(t) suggests that the expo-
nent β is higher when the spiral density contrast is higher.
However further work is needed to verify this as we suspect
the lower Toomre Q-parameter simulations have more rapid
changes in spiral morphology during the simulation. A trend
in the value of the exponent may be due to time dependent
variations in the spiral density contrast as a function of time
rather than how the migration rate depends on the spiral
density contrast itself.
Despite its uncertainty, the exponent β appears to be
robustly less than 1/2, the expected exponent for a diffusive
process giving a random walk in xg. One possible cause for
this is a reduction in migration efficiency at higher epicyclic
amplitude (Daniel & Wyse 2015). Diffusive models for heat-
ing account for shallow exponents in this way (Carlberg &
Sellwood 1985; Jenkins & Binney 1990). Though the depen-
dence on epicyclic amplitude does not explain the difference
in the power law exponents for the different simulations, it
could account for a reduction in the values of the exponents
themselves.
The migration standard deviations are higher for the
X5 simulation than the X1 simulation by about a factor
of 2. To estimate actual distances migrated, we multiply
unitless values shown on the right hand side of Figures
10, 11 by the Toomre wavelength. As a consequence the
migration distances are more sensitive to the mean sur-
face density (through the dependence of the Toomre wave-
length) than they are to the amplitude in spiral structure.
As λcrit ∝ Σ/κ2 and Σ is likely to be exponentially dropping
with increasing radius, migrations distances are likely to be
further in the inner galaxy than the outer galaxy.
The dependence on a critical wavelength was previ-
ously proposed and used by Scho¨nrich & Binney (2009)
to describe ‘churning’ with a stochastic model (see their
section 2.5 just above their equation 7). While we con-
firm a postulated strong dependence on the Toomre wave-
length (often called the critical wavelength and defined in
equation 1), Scho¨nrich & Binney (2009) used a wavelength
λ ≡ σvRQ/κ = σ2vR/(piGΣ) which differs from the Toomre
wavelength. Perhaps there is a typographic error in their
definition and they meant λ = σvR/(Qκ). This when multi-
plied by a factor of 2pi would be equivalent to the Toomre
wavelength.
3.7 Maximal migration rates and distances
Above we have looked at the time dependence of the width
of the distributions of the x component of the guiding cen-
tres. This ignores the tails of the distribution. In section 4
below we discuss a few open clusters discovered to be both
young and have super-solar metallicity. These clusters are
outliers, with metallicity above most other open clusters.
They could have been born interior to the Sun and migrated
outward. Because they are outliers, super-solar metallicity
young open clusters may have experienced more rapid mi-
gration than other clusters and so might be in the tail of the
distribution of migration distances, and in a class dubbed
‘extreme migrators’ by Grand et al. (2012). In Figure 11 we
Figure 10. We show the standard deviation σxg/λcrit of guiding
radii for tracer particles as a function of time for simulations X1–
X5, X3hb, and X3hb. The grey lines show functions that depend
on a power of time (equation 6) with exponents 0.4, 0.3, 0.2 for
each line, from top to bottom. The solid points and coloured
lines for the X1–X5 simulations are identical to those previously
shown in Figure 6. The y axis is shown in units of pc for a mean
surface density Σ0 = 10Mpc−2 (left axis) and in units of Toomre
wavelength λcrit (right axis).
Figure 11. We show the maximum absolute value of the change
in the x component of the guiding radius for tracer particles as a
function of time for the simulations X1–X5. The grey lines show
functions that depend on a power of time (equation 7) with ex-
ponent 0.8, 0.6, 0.4 for each line from the top to bottom one. The
exponents used are twice those of the curves shown in Figure 10.
Colours for the lines and points are the same as in Figure 6 and
10. The y axis is shown in units of pc for a mean surface density
Σ0 = 10Mpc−2 (left axis) and in units of Toomre wavelength
λcrit (right axis).
show the maximum of the absolute value of the change in
xg as a function of time for tracer particles in the X1–X5
simulations.
A distribution of random walkers has standard devia-
tion that grows with
√
N where N is the number of steps,
but the maximum distance that a walker can travel is pro-
portional to N . The maximum distance is the square of the
standard deviation and this remains true as a function of
time. The steeper slopes seen in the extreme values shown
in Figure 11 compared to the standard deviations in Figure
6 could be due to this scaling. The grey lines on Figure 11
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are curves given by a function similar to that describing the
standard deviations, equation 6),
h(δρ, t) = 0.21(δρ)
1
2 t2β . (7)
The exponents for each line in Figure 11 are twice those
used in Figure 10. The comparative time dependent behav-
ior of standard deviation and maximum are similar to that
expected from diffusive-like behavior. Since the exponents
for time are double for the maximum than for the standard
deviation of the xg distribution, we tried using a function
∝ δρ instead of ∝ (δρ) 12 . However a function ∝ δρ did not
match the numerical measurements as well as one ∝ (δρ) 12 .
Perhaps the process that sets the guiding centre distribution
at 1 orbit differs from the subsequent diffusive behavior.
In an axisymmetric disc galaxy, a star in a circular or-
bit has a constant vertical component of angular momen-
tum as it rotates around the galaxy. A spiral arm gives a
non-axisymmetric (dependent on the azimuthal angle) and
time dependent perturbation on the star. Instantaneously
the torque on the star caused by the spiral pattern is
L˙ =
∂Vs
∂θ
where Vs is the perturbation to the gravitational potential
caused by the pattern, and L is the vertical component of an-
gular momentum. As L ∼ rvc for vc the velocity of rotation
and r the guiding radius, the torque corresponds to a mi-
gration rate in radius r˙ ∼ L˙/vc. A maximal migration rate
can be estimated from this torque assuming that the star
stays near and on one side of the spiral arm, either leading
or lagging the arm, and as shown to be true for the rapid
migrators identified in simulations by Grand et al. (2012);
Comparetta & Quillen (2012). Using a Gaussian bar model
for a spiral arm, Comparetta & Quillen (2012) estimated
that a linear density enhancement in the disc surface den-
sity with peak density Σp and oriented with a pitch angle γ
could cause a maximal migration rate
r˙max ∼ G(Σp − µΣ)2
√
piΩ−1 sin γ (8)
= λcritΩ
(
Σp − µΣ
µΣ
)
κ2
Ω2
sin γ
2pi
3
2
(9)
≈ 2 kpc Gyr−1
(
Σp − µΣ
10Mpc−2
)(
sin γ
sin 24◦
)
×
(
Ω
30 km s−1kpc−1
)−1
(10)
(see their section 4.3). Here the pitch angle γ is the angle
between the ridge of peak density and the direction of ro-
tation. This angle is the same as that used to characterize
spiral arms and the angle is small for a spiral arm that is
tightly wound.
We can replace Σp−µΣ in equation 10 with the standard
deviation of the surface density distribution σΣ measured in
our simulations and write the maximum migration rate in
units of critical wavelength per rotation period, λcrit/P
r˙max
λcritP−1
≈ sin γ σΣ
µΣ
. (11)
In our shearing sheet γ is the angle between a linear spi-
ral feature’s ridge of peak density and the y axis. The tilt
angle of spiral structures in the shearing sheet simulations
are ≈ 30◦ so for our shearing sheet simulations sin γ ∼ 1/2.
With surface density contrast σΣ
µΣ
ranging from 0.2 to 0.5
(listed in Table 2), the maximum migration rates we expect
in our simulations are ∼ 0.1 to 0.25λcrit per period, giving
a distance of 0.5 to 1.25 λcrit in 5 periods. Even though the
time dependence of the maximum distance migrated is not
linear (the curves in Figure 11 range from ∝ t0.4 to t0.8),
the Gaussian bar model estimate for the maximum migra-
tion rate is similar to those measured in our simulations.
To achieve a maximal migration rate a particle would
have to be continuously leading (or lagging) spiral features.
There is a limit on the distance a particle can migrate. If we
simulate an increasingly larger number of tracer particles
we should not see larger and larger maxima in the migra-
tion distances. Likewise, increasing the number of stars ob-
served would not necessarily let us find stars that have mi-
grated larger distances (past the maximum), though stars
perturbed by other mechanisms could be found (such as
those ejected from the galactic centre).
4 APPLICATION TO OPEN CLUSTERS
As discussed previously there are only weak constraints on
the density contrast in spiral structure in the solar neigh-
bourhood. Above we have related the maximum migration
distance to two quantities, a surface density contrast aris-
ing from spiral structure and the Toomre wavelength. We
discuss super-solar metallicity open clusters to attempt to
place constraints on the spiral structure density contrast in
the Galaxy.
The tracer particles in our simulations are point masses.
When applying the results of our shearing sheet simulations
to open clusters, we neglect the size of the open clusters and
assume that their masses are sufficiently small that individu-
ally they have not significantly perturbed spiral arms. Clus-
ter dissolution (e.g., Gieles et al. 2007; Martinez-Barbosa et
al. 2016) is neglected.
A compilation from the literature of age, orbit and
[Fe/H] for super-solar metallicity open clusters that are
younger than 1 Gyr old is listed in Table 3. We use the
notation in brackets to indicate abundances relative to the
Sun, i.e., [X/Y ] = log(X/Y ) − log(X/Y ) and we use
iron, or [Fe/H], to characterize metallicity. We list apocen-
tre and pericentre radii (Ra, Rp) for each cluster computed
by Gozha et al. (2012). With an epicylic approximation, the
z component of the angular momentum is set by the guid-
ing radius Rg, which is approximately the midpoint radius;
Rg ≈ (Ra + Rp)/2. The difference between current guid-
ing radius and birth guiding radius would be a migration
distance.
Using the metallicity gradient in [Fe/H] of ≈ −0.07
dex/kpc for stars younger than 4 Gyr by Anders et al. (2017)
to estimate open cluster birth radii. This gradient is based
on low galactic latitude red giants with astero-seismic esti-
mated ages. See section 5 and Figure 5 by Anders et al. 2017
for a discussion on the sensitivity of the gradient to age and a
comparison of their estimated gradient to those of other stel-
lar populations, including Cepheids. Taking a mean value of
[Fe/H] ≈ 0.0 near R, the gradient -0.07 dex/kpc and the
metallicity listed in Table 3, we estimate that NGC 6583
would have been born at a galactocentric radius of 2.5 kpc.
Taking its current mean galactocentric radius as its guiding
MNRAS 000, 000–000 (0000)
13
Table 3. Super solar open clusters younger than 1 Gyr
cluster Ra Rp e zmax age [Fe/H]
kpc kpc kpc Gyr dex
NGC 6583 6.6 5.4 0.09 0.13 1a 0.4b
Berkeley 81 5.9 4.9 0.09 0.19 0.9c 0.23c
NGC 2632 8.6 6.8 0.12 0.10 0.67d 0.16d
NGC 6067 7.6 6.8 0.06 0.07 0.090e 0.19e
NGC 2232 8.3 7.8 0.03 0.05 0.032f 0.27g
Apocentre Ra, pericentre Rp radii, orbital eccentricity e and max-
imum zmax of the Galactic orbit are those by Gozha et al. (2012)
except for Berkeley 81. For Berkeley 81, e, zmax agree with that
by Vande Putte et al. (2010). For Berkeley 81 we show the apoc-
entre and pericentre radius computed using the mean orbital ra-
dius of 5.4 kpc estimated by Magrini et al. (2015). References
for ages and metallicities: a(Carraro et al. 2005); b(Magrini et al.
2010); cMagrini et al. (2015); dCummings et al. (2017); eAlonso-
Santiago et al. (2017); fSilaj & Landstreet (2014); gMonroe &
Pilachowski (2010);
Table 4. Maximal migration rates
cluster Rg Rbirth dmig age migration rate
kpc kpc kpc orbits kpc/Gyr
NGC 6583 6.0 2.5 3.5 6.5 3.5
Berkeley 81 5.4 4.9 0.5 6.5 0.5
NGC 2632 7.7 5.9 1.8 3.4 2.7
NGC 6067 7.2 5.4 1.7 0.5 19
NGC 2232 8.0 4.3 3.6 0.16 120
The mean or guiding radius is estimated as (Ra + Rp)/2. Birth
radius, Rbirth, is estimated using the [Fe/H] listed in Table 3, Rg
and the metallicity gradient -0.07 dex/kpc (Anders et al. 2017).
The migration distance dmig is estimated as Rg − Rbirth. The
migration rate is the migration distance divided by the cluster
age. The cluster age is given in orbital periods at Rg assuming a
flat rotation curve and an orbital period of 210 Myr at Rg = 8.2
kpc.
or mean orbital radius (the average of apocentre and peri-
centre radii listed in Table 3) we estimate that the cluster
could have radially migrated 3.5 kpc. Using its age this gives
a roughly estimated migration rate of 3.5 kpc/Gyr. Similar
estimates for the maximal migration rates are listed in Table
4 for the clusters compiled in Table 3.
If the metallicities and ages for the two youngest open
clusters, NGC 6067 and NGC 2232 are robust then the
needed migration rate is so high that migration alone cannot
account for their super-solar metallicities. As a consequence
we stop discussing these two clusters in the context of mi-
gration. A local (or patchy) enrichment model (e.g., Malinie
et al. 1993) might be explored to account for them.
For the other three older open clusters a migration rate
of 0.5 to 3 kpc/Gyr might be required for them to be born
in a higher more metal rich galactocentric radius consistent
with their metallicities and subsequently migrate outward
to their current guiding radii. NGC 2632, also known as the
Praesepe cluster, is similar in metallicity, age and kinemat-
ics to the Hyades cluster. Pompeia (2011) speculated that
the Hyades is at apocentre and a 4:1 resonance with a spiral
wave increases its eccentricity and allowing it to have mean
radius 1k˙pc within R and nearer to its expected birth ra-
dius (based on its super-solar [Fe/H] abundance). If the guid-
ing radius used in Table 2 is overestimated for NGC 2632,
we would also have over estimated the maximum migration
extent and rate. Berkeley 81 has guiding radius fairly near
its expected birth radius so significant radial migration is
not needed to account for its metallicity. NGC 6583 has a
metallicity high enough to place its estimated birth radius
within the Galactic bar. Either it was born within the bar
and the bar helped eject it from the inner Galaxy, or it was
born near the bar end and the extent of migration required is
similar to that estimated above or 2-3 kpc/Gyr. NGC 6583
has such a high metallicity it must have migrated outward.
The metallicities of NGC 2632 and the Hyades suggest that
they might have been born at smaller galactic radii, 1 to 2
kpc smaller than their current guiding radii.
Below we use our simulations to determine what type of
spiral structure can induce the migration distances and rates
estimated for the three open clusters NGC 6583, NGC 2632
and the Hyades (with similar kinematics to NGC 2632).
Our simulation figures show distance in units of the
Toomre wavelength and in pc for a mean surface density of
Σ0 = 10 Mpc−2 (corresponding to a Toomre wavelength
of λcrit,0 = 1007 pc). To estimate standard deviations in
radial migration distances and maximal migration distances
we must multiply distances from our Figures in units of the
Toomre wavelength by the Toomre wavelength for the disc
that is causing the migration. Alternatively we can use the
distances in pc if we multiply them by the ratio of surface
densities (the ratio of the disc that is causing the migration
to Σ0 = 10Mpc−2 or the ratio of the Toomre wavelength of
the disc causing the migration to λcrit,0 = 1007 pc). Curves
fitting both standard deviations and maximal migration dis-
tances also depend on the square root of the spiral density
contrast (as in equations 6 and 7). At a fixed surface den-
sity (mass per unit area), and using an exponential verti-
cal density profile, the density (mass per unit volume) in
the midplane is inversely proportional to the vertical scale
height. Thickness of galactic components are often given in
terms of a scale height h assuming the density distribution
is proportional to sech2(z/h) (expected for an isothermal,
self-gravitating disk) or exp(−|z|/h) (expected for isother-
mal stars or gas in a constant gravitational field). The den-
sity profile of our simulations does not have a sharp peak at
z = 0 and is self-gravitating so we estimate the scale height
of our simulations from the standard deviation of the sech2
function, giving standard deviation σz ≈ 0.9h. So the scale
heights in our simulations can be estimated using values for
σz in Table 1 with h ≈ 1.1σz. We can correct for a difference
in disc thickness, the Galactic disc as compared to that of
our simulations, with a factor that depends on the square
root of the ratio of scale heights (that of the disc causing
the migration and that used in the simulation). Thus we can
predict migration distances using our figures if we multiply
them by a factor that depends on the ratio of the Toomre
wavelength (compared to 1007 pc) times the square root of
the ratio of scale heights.
We contrast the role of large amplitude variations in a
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lower mean surface density gas disc with the role of smaller
amplitude variations in a higher surface density stellar disc.
We start by predicting migration distances caused by a gas
disc. Our vertical standard deviation for our simulations
was σz ≈ 150 pc (see Table 1) corresponding to a scale
height of about of h ∼ 165 pc. This exceeds a gas scale
height (for molecular and cold atomic hydrogen) in the so-
lar neighbourhood of about 100 pc (McKee et al. 2015).
The surface density in molecular and cold atomic hydro-
gen in the solar neighbourhood is somewhat lower than
Σ0 = 10Mpc−2, or about Σ = 7Mpc−2 (McKee et al.
2015). We can use distances in our figures in units of pc
if we correct these distances by the ratio of Σ/Σ0 = 7/10
(for the Toomre wavelength) and by the ratio of
√
165/100
to take into account the difference between the gas scale
height and that of the simulations. The two corrections to
the X1–X5 simulations approximately cancel each other out
(7/10 ×√165/100 ≈ 0.9), so we can use the distances in
pc in our figures directly for comparison to open cluster es-
timated migration distances. As we expect large variations
in gas density due to spiral structure we choose the simula-
tion with highest density contrast or the X5 simulation for
comparison.
After 3 orbital periods the standard deviation in xg in
the X5 simulation would be only about 300 pc and at 5 peri-
ods, 400pc (from inspection of Figure 10. The most extreme
outliers have a maximum migration distance of about 900
pc at 3 periods and 1.2 kpc at 5 periods (using Figure 11).
These migration distances are not larger enough to account
for the estimated needed distances for migration for NGC
2632 (Praesepe) and Hyades clusters (we estimated 1.8 kpc
over 700 Myr or 3.4 orbital periods). Likewise we fall short
for NGC 6583 (needing 3.5 kpc at 1 Gyr but in the inner
galaxy, at 6 orbital periods). We conclude that spiral struc-
ture in the gas disc alone cannot induce sufficient migration
to account for young super-solar metallicity open clusters.
The stellar surface density is higher than the gas sur-
face density. Taking a value for the stellar surface density of
about Σ ≈ 33Mpc−2 (taking the value for Σ∗ from Table 3
by McKee et al. 2015), the Toomre wavelength is λcrit ≈ 3.3
kpc, exceeding by a factor of about 3 the value we used to
give distances in units of pc in our figures. At this Toomre
wavelength the standard deviation in the z density distribu-
tion in the X series simulations is σz = 500 pc (multiplying
the value from Table 1 by the Toomre wavelength) or a ver-
tical scale height of h ∼ 550 pc. The stellar scale height is
about 400 pc in the solar neighbourhood (taking values for
M dwarfs by McKee et al. 2015). We should correct distances
in our simulations by the square root of the scale height ra-
tio or 1.17. We should correct distances in pc in our figures
by the square root of the scale height ratio or 1.17 and by
Σ/Σ0 = 3.3 to take into account the Toomre wavelength, or
a factor of about 1.17× 3.3 ∼ 3.8.
Figure 12 and Figure 13 show maximal migration dis-
tances and standard deviations in guiding centre for the X1-
X5 simulations rescaled by the factor 3.9. The spiral am-
plitudes in stars would be lower than for the gas, perhaps
similar to the X3 simulation. We will discuss this choice in
the next three paragraphs. Using the X3 simulation we take
values in pc at 3 orbits and 5 orbits from Figure 12 and 13.
giving standard deviations σxg = 0.8 and 1.0 kpc, and the
maximum migration distances 2.0 and 3.1 kpc. These val-
ues exceed those estimated for the gas disc. Even though the
gas density might have larger density variations, we estimate
that low amplitude spiral structure in the more massive stel-
lar disc causes more radial migration.
With ages corresponding to 3 orbital periods, the
Hyades and Praesepe clusters require about 1.8 kpc of mi-
gration from their birth radii, and this is similar to the max-
imum migration distance seen in the X3 simulation. To il-
lustrate this we have placed a black square onto Figure 12
to represent these two clusters. The standard deviation of
the guiding centre distribution estimated from our simula-
tions (0.8 kpc at 3 orbital periods) is below that required for
these two clusters, but this would be consistent with the rar-
ity of super-solar metallicity open clusters in the solar neigh-
bourhood (as the standard deviation must be lower than the
absolute value of the maximum migration distance). At 5 or-
bital periods the maximum distance reached (using the X3
simulation) is 3.1 kpc and this is similar to that required to
account for NGC 6583, which is shown as a black diamond
on Figure 12. The standard deviation at 5 orbital periods
is about 1k˙pc. So at 1 Gyr most clusters would lie within
1 kpc of their birth radius, putting NGC 6583 in the tail
of the distribution. Were we to use a higher mean surface
density, appropriate in the inner galaxy, our estimated max-
imum migration distance would be even larger. In summary
the maximum migration distances estimated from the X3
simulation are sufficient to account for migration distances
estimated for these three young and super-solar metallicity
open clusters.
Above we estimated that after 1 Gyr, clusters born at
the same radius would have a standard deviation in galac-
tic radius due to migration of about 1 kpc. Using the radial
metallicity gradient by Anders et al. (2017), this 1 kpc dis-
tance corresponds to a variation in metallicity of about 0.07
dex. So we would estimate that the standard deviation of
metallicities of young open clusters would be the same, or
about 0.07 dex in [Fe/H]. We compare this number to the
standard deviation in [Fe/H] of young open clusters. From
the 88 open clusters with high-quality spectroscopic data
that were compiled by Netopil et al. (2016), 38 have mean
galactic radius (Rg) within 7–9 kpc, and ages less than 1Gyr
(see their Figure 6 showing the radial metallicity distribu-
tions). The standard deviation in [Fe/H] for these 38 clusters
is 0.074 dex (where we have used values for [Fe/H] based
on the high-quality spectroscopic data from Table A1 by
Netopil et al. 2016). Thus our estimate for the metallicity
dispersion induced by migration, using the X3 simulation, is
consistent with that observed. Had we used a lower or higher
Toomre Q-parameter simulations for comparison (X1, X2 or
X4, X5) the predicted standard deviation in radial migra-
tion distances would not have agreed with the young open
cluster standard deviation in [Fe/H]. The density contrast
present in the X3 simulation is consistent both with the dis-
persion in [Fe/H] and the few super-solar metallicity young
open clusters that represent rarer more extreme migrators.
Figure 13 shows that after 1 orbital period, the stan-
dard deviation in guiding centre coordinate xg does not in-
crease rapidly with time. Consequently taking into account
the open cluster age distribution (for clusters older than 1
Gyr) would not significantly increase the estimated metal-
licity dispersion arising from migration. We have not nu-
merically studied migration at times longer than 5 orbital
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periods, but the slow increase in the standard deviation as
a function of time seen in our simulations would be con-
sistent with the absence of a strong correlation between
open cluster age and metallicity (the age-metallicity rela-
tion; e.g., Carraro et al. 1994; Yong et al. 2012; Netopil et
al. 2016). In other words, the scatter in [Fe/H] due to mi-
gration could exceed the slow increase in metallicity due to
ongoing large scale enrichment in the disc. Our estimates for
the metallicity scatter neglects local (patchy) enrichment of
the ISM (Balser et al. 2015; Berg et al. 2015; Vogt et al.
2017; Krumholz & Ting 2018) and this additional process
might be required to account for very young open clusters
such as NGC 6067 and NGC 2232 (and the high [α/Fe] clus-
ter NGC 6705; Magrini et al. 2014, 2015; Casamiquela et al.
2017b) that could not have migrated far enough to account
for their abundances.
In summary, the rare super-solar metallicity open clus-
ters near the Sun appear to be consistent with a stellar den-
sity contrast (for spiral arms) similar to that of the X3 simu-
lation or with a surface density contrast σΣ/µΣ ∼ 0.26+0.08−0.04.
Here we have taken the value for σΣ/µΣ for the X3 simula-
tion (listed in Table 2). For the uncertainty we have taken
the difference between the density contrast in the X4 and
X3 simulations (+0.08) and between the X2 and X3 simula-
tions (-0.04). The inferred extent of recent radial migration
at this density contrast is also consistent with the standard
deviation in [Fe/H] for young open clusters. Were we to use
a lower value for the metallicity gradient of 0.06 dex/kpc, es-
timated migration distances for the clusters would increase
by about 20% and our estimated density in stellar density
contrast in spiral arms would be larger but within the higher
end of the +0.08 uncertainty.
Our spiral arm surface density contrast level σΣ/µΣ ∼
0.26+0.08−0.04 somewhat exceeds that estimated from the Galac-
tic COBE model (Drimmel & Spergel 2001) with peak above
mean divided by mean (Σp−µΣ)/µΣ) ≈ 0.16±0.03. Here we
have taken the number based on the K-band spiral ampli-
tude discussed at the end of section 6 by Drimmel & Spergel
(2001) and used the ±18% uncertainty listed in their Table
2. As discussed by Drimmel & Spergel (2001), the COBE
model measurement is dependent on the type of model used
to fit the COBE data and lower than that expected based
on imaging studies of other galaxies, so perhaps we should
not be concerned that our density for the local density con-
trast is higher than that previously measured. Also, as we
will discuss in section 5, there are a number of reasons our
estimate is not precise.
In section 3.7 we gave in equation 10 an estimate
for the maximal migration rate using the Gaussian bar
model (Comparetta & Quillen 2012). We now compute the
maximum migration migration rate in the Solar neighbor-
hood estimated with this model. With an angular rota-
tion rate in the Solar neighborhood Ω ≈ 30 km s−1kpc−1
(Bland-Hawthorn & Gerhard 2016), spiral density contrast
(Σp−µΣ)/µΣ ≈ 0.16 based on the COBE data model (Drim-
mel & Spergel 2001), and a mean stellar surface density
µΣ ≈ 33Mpc−2 (McKee et al. 2015), the maximum mi-
gration rate is r˙max ∼ 0.5 kpc Gyr−1 for a pitch angle of
12◦ and about 1 kpc Gyr−1 for a pitch angle of 24◦, span-
ning the pitch angle estimates compiled by Vallee (2008).
These maximal migration rates are lower than the required
open cluster migration rates listed in Table 4 for NGC 6583,
Figure 12. We show the maximum absolute value of the change
in the x component of the guiding radius for tracer particles as
a function of time for the simulations X1–X5, but now scaled to
a stellar disc of Σ = 30Mpc−2 and with vertical scale height
similar to the Galactic thin disc. The black square shows esti-
mated migration distances for NCC 2632 (Praesepe) and Hyades
clusters. The black diamond shows estimated migration distance
for NGC 6583. The black square is placed at the age of the NCC
2632 and Hyades clusters in orbits. The black diamond should be
at 6.5 orbits but this lies off our integrations so we have placed
it at 5.2 orbits. The grey lines and circles are from the X1-X5
simulations and the same as in Figure 11. This figure shows that
a simulation with spiral density contrast similar to the X3 simu-
lation has maximal migration distances similar to the super-solar
metallicity Praesepe, Hyades and NGC 6583 open clusters.
and the Praesepe and Hyades open clusters. This rough esti-
mate for the maximal migration rate supports our inference
that the spiral density contrast in the solar neighborhood
could be higher than that estimated by the COBE model.
5 DISCUSSION AND SUMMARY
We use shearing sheet N-body simulations to investigate how
far stars and open clusters can migrate in a galaxy disc
within 5 orbital periods. The simulations contain massive
particles that exhibit spiral structure due to their own self-
gravity. Massless tracer particles are inserted into the simu-
lation after spiral structure has grown. Due to perturbations
from the spiral structures, guiding centres of the tracer par-
ticles drift. This drift corresponds to radial migration in a
disc galaxy. As a function of time, we measure the width
and maximum of the distribution of the changes in guiding
centres for tracer particles.
The shearing sheet simulations suggest that the rate and
extent of radial migration is primarily set by the Toomre or
critical wavelength. As this wavelength is set by the mean
surface mass density, migration rates and extent should be
higher in the inner regions of galaxies than the outer regions.
We find that in 5 rotation periods, the standard deviations of
the guiding centre distributions broaden to between 0.2 and
0.4 of the Toomre wavelength with a maximum migration
distance (in guiding centre x component) about three times
this.
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Figure 13. We show the standard deviation σxg of guiding radii
for tracer particles as a function of time for simulations X1–X5,
but now scaled to a stellar disc of Σ = 30Mpc−2 and with
vertical scale height similar to the Galactic thin disc. The grey
lines and circles are from the X1-X5 simulations and the same
as in Figure 11. The right axis has converted units of distance
to variation in [Fe/H] using the metallicity gradient by Anders et
al. 2017 of -0.07 dex/kpc. The black hexagon shows the standard
deviation in metallicities for 38 open clusters with high-quality
spectroscopic data that were compiled by Netopil et al. (2016).
This figure shows that a simulation with spiral density contrast
similar to the X3 simulation predicts a standard deviation in mi-
gration distance consistent with the metallicity scatter in young
open clusters.
To a lesser extent migration rates depend on the surface
density or midplane density contrast in the spiral structure.
The standard deviations of the guiding centre distributions
can be described by power laws with exponents in the range
0.2 to 0.4. The maximal distances obey exponents twice
those of the standard deviation suggesting that a diffusive
model may describe the behavior of the guiding centre dis-
tributions. A diffusive model could operate on such a short
time if individual spiral features are uncorrelated or if pat-
terns interfere with one another. We attribute the variation
in the exponents in different simulations to slow variations
in the spiral morphology that was more rapid in our lower
Toomre Q-parameter simulations.
We used our simulations and estimated guiding radii for
super-solar metallicity open clusters to attempt to constrain
the surface density contrast in spiral structure at the Sun’s
galactocentric radius. The comparison suggests that the sur-
face density contrast has ratio of standard deviation to mean
σΣ/µΣ ∼ 1/4 with an uncertainty of about 30%, and with
value somewhat exceeding the COBE model by Drimmel &
Spergel (2001).
Our estimate for the density contrast is uncertain for
a number of reasons. Spiral structure in our simulations re-
mains near corotation. In contrast, galactic simulations of a
disc often show patterns that move with different frequen-
cies (e.g., Quillen et al. 2011). Spiral spiral patterns can
influence each other or be coupled to a galactic bar. A bar
or spiral pattern that is distant from its corotation might
still affect radial migration (Brunetti et al. 2011; Minchev
et al. 2012). Nearby features could interfere causing peaks to
drift in radius or increase and decrease in amplitude (e.g.,
as described by Quillen et al. 2011). It is difficult to say
whether these effects would increase or decrease the extent
of radial migration compared to that predicted using the
shearing sheet. Perhaps a study similar to Fujii et al. (2011)
that focused on heating could improve upon estimates for
migration using complete disc simulations.
The expression for the Toomre wavelength (equation 1)
implies that near the Sun’s galactic radius, R, the Toomre
wavelength is large, λcrit ∼ R. The shearing sheet approx-
imates a local patch of a rotating disc (in polar coordinates)
with a Cartesian square (see Figure 1) and neglects radial
gradients in epicyclic frequency, mass surface density and ve-
locity dispersion. While shearing sheet simulations are inter-
nally consistent (in that their spiral structure is evolving due
to their own self-gravity) they may not be a good approxi-
mation for applications, such as discussed here, requiring a
shear box size similar to or larger than the associated galac-
tic radius or the disc scale length. Full disc simulations are
required to improve upon applications derived from shear-
ing sheet simulations. The Toomre wavelength, though it is
a locally computed quantity, may also be relevant to larger
scale spiral morphology. D’Onghia (2015) proposed that the
Toomre wavelength locally sets the number of spiral arms,
hence the large Toomre wavelength computed at and within
the Sun’s galactic radius could account for the small number
of spiral arms (2 to 4) within the Sun’s galactic radius.
Our simulations only contain point masses. A gas and
stellar disc could behave differently than the phenomena we
see in pure N-body simulations. Our tracer particles were
inserted abruptly into a simulation containing spiral struc-
ture with an ad hoc damping to help reduce Toomre Q-
parameter variations in the disc. Their initial velocity is not
a good match to those of recently born stars. The Galaxy
is comprised of multiple populations, each with a differ-
ent scale height. We have neglected this structure, relating
the migration rate only to a vertical dispersion and a spi-
ral density contrast. Future numerical studies could reduce
these errors and uncertainties with more detailed simula-
tions. While open clusters facilitate measurement of both
metallicities and ages, their distributions may be biased if
cluster number and evaporation and destruction are cor-
related with age, birth radius or metallicity. Uncertainties
in cluster orbit, metallicity, the extent of local ISM enrich-
ment or abundance variations, and the metallicity gradient
also affects estimated migration distances. Better numerical
simulations would allow more detailed observations and im-
proved measurements of young stars and open clusters to be
placed quantitatively in context with improved models for
migration.
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APPENDIX A: THE SHEARING SHEET
APPROXIMATION
The Hamiltonian for the shearing sheet is
H(px, py;x, y) =
p2x
2
+
p2y
2
− 2pyΩx+ κ
2x2
2
. (A1)
The momenta px, py are canonical and conjugate to the co-
ordinates x, y. The epicyclic frequency κ determines the fre-
quency of oscillations in the x direction. This Hamiltonian
can be derived by writing a 2D Hamiltonian for particle mo-
tion in cylindrical coordinates for motion in the plane and
transforming to a frame rotating with the disc at a partic-
ular radius. A patch is chosen centered at this radius. The
Hamiltonian is then expanded to second order in coordi-
nates from the center of the disc patch and to second order
in canonical momenta. In celestial mechanics this is known
as Hill’s approximation (e.g., Rein & Tremaine 2012) and is
equivalent to a classic epicyclic approximation (e.g., Binney
& Tremaine 1987).
This Hamiltonian gives equations of motion
x = xg + C cos(κt+ φ0)
vx = −Cκ sin(κt+ φ0)
y = c− (4Ω
2 − κ2)
2Ω
xgt− 2Ω
κ
C sin(κt+ φ0)
vy = − (4Ω
2 − κ2)
2Ω
xg − 2ΩC cos(κt+ φ0). (A2)
Here particle velocities vx = x˙, vy = y˙. The orbit can be
described in terms of a guiding centre, xg, yg and epicyclic
oscillations xs, ys about the guiding centre x = xg + xs; y =
yg + ys. The parameter C can be recognized as a constant
epicyclic amplitude and the parameter φ0 as a phase (see
for example section 3.2.3 by Binney & Tremaine 1987). The
guiding centre xg position is also a constant. The yg guiding
centre coordinate drifts depending on the velocity shear,
yg = c− (4Ω
2 − κ2)
2Ω
xgt (A3)
where the parameter c is a constant. With zero epicyclic
amplitude y = c− (4Ω2−κ2)
2Ω
xt, the velocity is solely in the y
direction y˙ = − (4Ω2−κ2)
2Ω
x and depends only on x (see Figure
1).
It is often useful to compute the guiding centre position
in terms of current positions and velocities
yg = y − ys = y − 2Ω
κ2
vx
= y − Ω
2
κ2
2Ω−1vx
xg = x− xs = 4Ω
2
κ2
x+
2Ω
κ2
vy
=
Ω2
κ2
(
4x+ 2Ω−1vy
)
. (A4)
The epicyclic amplitude C and phase φ can then be com-
puted using the guiding xg and positions and velocities with
C2 = (x− xg)2 + v2x/κ2
φ = κt+ φ0 = atan2(−vx/κ, x− xg) (A5)
where the inverse tangent function is used to compute angles
in all quadrants.
A1 Modification to the SEI integrator
We modify the equations in section 3.5 by Rein & Tremaine
2012 for the SEI integrator so that a non-Keplerian value
of the epicyclic frequency κ can be used. Rein & Tremaine
(2012) denote xn, yn, vnx , v
n
y for the positions and velocities
at timestep n. Their equations 9 for the centre of epicyclic
motion are modified as follows with factors of Ω/κ:
xn0 =
Ω2
κ2
(
2vny + 4x
n)
yn0 = y
n − Ω
2
κ2
2vnxΩ
−1. (A6)
where xn0 , y
n
0 are the guiding centres at timestep n. The
epicyclic vector (their equations 10) is modified to
xns = Ω(x
n − xn0 )
yns =
1
2
κ
Ω
(yn − yn0 ). (A7)
The epicyclic motion is written as a rotation and their equa-
tion 11 is modified to be
xn+1s = x
n
s cos(κ∆t) + y
n
s sin(κ∆t)
yn+1s = −xns sin(κ∆t) + yns cos(κ∆t). (A8)
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The guiding centre coordinates are restored by modifying
their equations 12 to be
xn+1 = xn+1s Ω
−1 + xn0
yn+1 = 2yn+1s
Ω
κ
+ yn0 − 1
2
(
4− κ
2
Ω2
)
xn0 Ω∆t
vn+1x = y
n+1
s
κ
Ω
vn+1y = −2xn+1s − 1
2
(
4− κ
2
Ω2
)
xn0 Ω. (A9)
With κ/Ω = 1 for a Keplerian disc equations A6 - A9 are
the same as the original ones by Rein & Tremaine (2012).
The rebound code is modified by adding a new unit-
less parameter KAPPA_OMEGA ≡ κ/Ω. It is defined like
OMEGA in rebound.h in the definition for the structure
struct reb_simulation_integrator_sei). In the routine
rebound.c we initialize KAPPA_OMEGA =1 so there is no
change for the user wanting a Keplerian disc. In rou-
tine boundary.c for the cases for the shear boundary
(REB_BOUNDARY_SHEAR) occurrences of 3
2
Ω are modified to
become 1
2
(
4− κ2
Ω2
)
. The SEI integrator itself in integra-
tor_sei.c is modified using equations A6 - A9.
A2 Vertical motion
The Hamiltonian in equation A1 can be extended to allow
motion in the vertical direction with an additional momen-
tum pz and coordinate z and with an additional term added
to the Hamiltonian
H3(pz, z) =
p2z
2
+
Ω2zz
2
2
(A10)
where the velocity vz = z˙ = pz and Ωz is the vertical
epicyclic frequency. The rebound code allows the vertical
epicyclic frequency to be adjusted separately from Ω and κ
(see equation 13 by Rein & Tremaine 2012 and associated
discussion). The equations of of motion
z = D cos(Ωzt+ ϕ0)
vz = −DΩz sin(Ωzt+ ϕ0) (A11)
where Ωz is the vertical epicyclic frequency, the constant
D is the vertical epicyclic amplitude and ϕ0 is a phase.
The vertical epicyclic frequency Ωz is labelled OMEGAZ in re-
bound. The z and vz coordinates are updated similar to the
epicyclic vector in equation A8 as shown in equation 13 by
Rein & Tremaine 2012. The vertical epicyclic amplitude D
and epicyclic phase ϕ can be computed from coordinate z
and vertical velocity vz
D2 = z2 + v2z/Ω
2
z
ϕ = Ωzt+ ϕ0 = atan2(−vz/Ωz, z) (A12)
similar to equation A5.
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